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TRANSITIVITY OF CONSERVATIVE TORAL
ENDOMORPHISMS
MARTIN ANDERSSON
Abstract. It is shown that if a non-invertible area preserving
local homeomorphism on T2 is homotopic to a linear expanding
or hyperbolic endomorphism, then it must be topologically tran-
sitive. This gives a complete characterization, in any smoothness
category, of those homotopy classes of conservative endomorphisms
that consist entirely of transitive maps.
1. Introduction
Robust transitivity and stable ergodicity are two central themes in
dynamical systems. They run parallel, feeding from each others, and
are often seen as analogous concepts in the dissipative versus conser-
vative setting. Although typically studied in the context of diffeomor-
phisms, interest in robustly transitive endomorphisms is growing. Sumi
[9] gave the first example of non-hyperbolic robustly transitive local dif-
feomorphisms of T2. Later, Gan and He [5] proved that such examples
exist in every homotopy class of toral endomorphisms. Lizana and Pu-
jals [8] have recently given conditions under which endomorphisms of
Tn are robustly transitive, and the interplay of robust transitivity with
periodic points and invariant measures is further studied in [7]. On the
other hand, stable ergodicity of endomorphisms has never been seri-
ously studied. This is somewhat surprising, since many questions about
the dynamics of diffeomorphisms with some hyperbolicity has a sim-
pler, and sometimes more revealing, lower dimensional non-invertible
analogue. In fact, the present work originated from the question of
whether every volume preserving smooth enough diffeomorphism on
T3 which has dominated splitting and is isotopic to Anosov is ergodic,
or at least transitive. It was suggested by Enrique Pujals that the
question may be elucidated by considering local diffeomorphisms ho-
motopic to an expanding map on T2. This approach turned out to
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be very fruitful because it reveals more clearly how topological infor-
mation given by the action in the fundamental group translates into
dynamics. Although obtaining ergodicity in such a gneral context may
currently be without reach, the present work answers the question of
transitivity in the affirmative. The analogous case of diffeomorphisms
isotopic to Anosov on T3 is treated separately in [1].
As it turns out, transitivity of conservative endomorphisms homo-
topic to expanding or hyperbolic linear maps is a purely topological
phenomenon, resulting only from the way the map acts in the funda-
mental group, together with the constraint of being area preserving
and non-invertible. The whole argument relies on a surprisingly simple
description of the topology of regular open invariant sets. In partic-
ular, it is independent of any infinitesimal analysis such as Lyapunov
exponents or domination. This is what allows us to work within the
setting of local homeomorphisms. The low regularity comes ”for free”;
it is not pursued for its own sake.
An obvious question is of course whether there is a non-conservative
analogue of Theorem 2.2. A natural candidate would be to ask that
the endomorphism in question be area expanding, i.e. that it has a
Jacobian larger than one at every point (see [8, Theorem 2]). But the
condition of being area preserving cannot be replaced with forward
area expansion, at least not in those homotopy classes in which the
linear representative has integer eigenvalues. For example, let f1 :
R/Z → R/Z be the linear expanding map x 7→ 2x mod 1, and let
f2 : R/Z → R/Z be a deformation of f1 having derivative larger than
1
2
at every point, but mapping a neighborhood of the origin into itself.
Then the map f : T2 → T2 defined by f(x, y) = (f1(x), f2(y)) is not
transitive, even though it is homotopic to a linear expanding map (with
2 as a double eigenvalue) and has a Jacobian strictly larger than one
at every point. I thank Radu Saghin for pointing this out. I would
also like to thank Shaobo Gan, Enrique Pujals, and Rusong Zheng for
helpful discussions; the anonymous referee for important comments and
a simple proof of Lemma 3.9; and the hospitality of Peking University
where this work took place.
2. The result
Let T2 = R2/Z2 be the two dimensional torus endowed with its
Haar measure λ. By a toral endomorphism we mean a local homeo-
morphism f : T2 → T2. In other words, an endomorphism is a covering
map from the torus to itself. We prefer the term endomorphism to cov-
ering map because we consider it as a dynamical system rather than a
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tool of algebraic topology. We say that f : T2 → T2 is area preserv-
ing (or conservative) if λ(f−1(A)) = λ(A) for every Borel measurable
set A ⊂ T2. When f is of class C1, this is equivalent to say that∑
x′∈f−1(x) | detDf(x
′)|−1 = 1 for every x ∈ T2.
Every non-singular 2 × 2 matrix A with integer coefficients induces
an area preserving endomorphism on T2 which we also denote by A
as there is no possibility of confusion. Moreover, every toral endo-
morphism (area preserving or not) is homotopic to precisely one such
linearly induced map, determined by the action of f in the fundamental
group π1(T
2), when the latter is identified with Z2 in the obvious way.
It is invertible if and only if | det(A)| = 1. In general, if | det(A)| = d,
the pre-image of every point in T2 has cardinality d. The same is true
for any endomorphism f homotopic to A. We say that d is the degree
of f or, equivalently, the number of sheets of f .
Definition 2.1. We say that an endomorphism f : T2 → T2 is transi-
tive if there exists x ∈ T2 whose forward orbit {fn(x) : n ≥ 0} is dense
in T2.
Theorem 2.2. Let f : T2 → T2 be an area preserving toral endomor-
phism of degree at least two. If f is not transitive, then it is homotopic
to a linear map which has a real eigenvalue of modulus one.
We remark that a 2× 2 matrix A with integer coefficients satisfying
| detA| ≥ 2 cannot have non-real eigenvalues on the unit circle. More
precisely, one of the following holds:
(1) A has two integer eigenvalues λ, µ with 1 = |λ| < |µ|
(2) A has two integer eigenvalues λ, µ with 1 < |λ| ≤ |µ|
(3) A has two real irrational eigenvalues λ, µ with 0 < |λ| < 1 < |µ|
(4) A has two real irrational eigenvalues λ, µ with 1 < |λ| < |µ|
(5) A has two non-real eigenvalues λ, λ with 1 < |λ| = |λ|.
Usually all of these cases except (1) are referred to as hyperbolic, but
cases (2), (4) and (5) are often called expanding, in which case the word
hyperbolic is reserved for the case (3) only. More details on linear toral
endomorphisms can be found in Chapter 1 of [2].
If a non-singular linear map A : R2 → R2 that satisfies A(Z2) ⊂ Z2
has a real eigenvalue of modulus one, then it has an invariant one
dimensional subspace of rational inclination corresponding to its other
eigenvalue. This subspace projects to an invariant circle on T2. This
circle can be thickened to create an invariant stripe. In other words,
the map induced by A on T2 is not transitive. Conversely, a linear
non-singular map on R2 preserving Z2 which has no real eigenvalue
of modulus one induces a transitive (in fact ergodic — see [2] or the
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appendix of [3]) map on T2 according to Theorem 2.2. We can therefore
rephrase Theorem 2.2 as follows.
Theorem 2.2 restated. If a linear map on T2 of degree at least two is
transitive, then its whole homotopy class of area preserving endomor-
phisms consists entirely of transitive elements.
It was shown by Hetzel et al. [6] that if one chooses a 2×2 matrix with
integer entries at random with respect to the uniform point distribution
on some interval [−N,N ] ⊂ Z, then the probability that the matrix has
integer eigenvalues tends to zero as N tends to infinity. That provides
us with a precise way in which Theorem 2.2 can be interpreted to say
that most homotopic classes of conservative endomorphisms consist
entirely of transitive elements.
Before turning to the proof of Theorem 2.2, we make some remarks
regarding notation. The symbol f will always represent an endomor-
phism of T2 and A will always denote the linear map to which it is
homotopic. The canonical projection from R2 to T2 is denoted by π.
A deck transformation is a translation in R2 by an element of Z2. The
symbol f˜ will always refer to a lift of f to R2, i.e. a homeomorphism
of R2 satisfying πf˜ = fπ. It satisfies f˜(x + v) = f˜(x) + Av for every
x ∈ R2 and v ∈ Z2.
3. Invariant regular open sets
An open subset of T2 is called regular if it is equal to the interior of
its closure. Given A ⊂ T2 we write A⊥ = T2 \A. Note that an open set
U ⊂ X is regular if and only if U⊥⊥ = U . For any open set U ⊂ T2 we
have inclusion U ⊂ U⊥⊥ and the equality U⊥ = U⊥⊥⊥. In particular,
U⊥ is a regular open set. See [4] for more details. Note also that if
f : T2 → T2 is a local homeomorphism, then
(3.1) f−1(A⊥) = (f−1(A))⊥
for every A ⊂ T2. We say that two non-empty regular open sets U, V ⊂
T2 form a complementary pair if U = V ⊥ (or, equivalently, if V = U⊥).
It is well known that for a general continuous map T on a topological
space X with countable basis, transitivity is equivalent to say that,
given non-empty open sets U, V ⊂ X , there exists some n ≥ 0 such
that T−n(U) ∩ V 6= ∅. Therefore, if T is not transitive, there is a
non-dense open set W ⊂ X such that T−1(W ) ⊂ W (for example, the
union of all pre-images of U). For general continuous maps, or even
for local homeomorphisms, it may not be possible to choose W so that
this inclusion becomes an equality.
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Definition 3.1. We say that a set U ⊂ T2 is strictly invariant under
f : T2 → T2 if f−1(U) = U .
It is the existence of strictly invariant non-trivial open sets in the area
preserving setting, and what topological restrictions that the presence
of such sets imposes on the map itself, that makes up the core of our
approach to the proof of Theorem 2.2.
Proposition 3.2. Let f : T2 → T2 be an area preserving endomor-
phism. Then the following are equivalent:
(1) f is not transitive,
(2) there exists a complementary pair of strictly f -invariant regular
open sets U, V ⊂ T2.
Proof. The implication (2) =⇒ (1) is trivial. To see why (1) implies
(2), suppose that T is not transitive. Then there are open sets U0, V0
such that f−n(U0) ∩ V0 = ∅ for every n ≥ 0. Let U1 =
⋃
n≥0 f
−n(U0).
Then f−1U1 ⊂ U1. Since λ(f
−1(U1)) = λ(U1) we deduce that f
−1(U1)
is in fact an open and dense subset of U1. In particular U1 = f−1(U1) =
f−1(U1), the last equality being true because f is a local homeomor-
phism. Take V = U⊥1 . Then V is a regular open strictly f -invariant
set. Since V is not dense, U = V ⊥ is also a non-empty regular open
strictly invariant set. By construction, U and V form a complementary
pair. 
Most of the time, it is not relevant that the sets whose existence
is guaranteed by Proposition 3.2 are regular, but we need it when
describing their fundamental group (Lemma 3.7 and Lemma 3.8).
Note that Proposition 3.2 relies only on the endomorphism being
conservative. The existence of non-trivial strictly invariant regular
open sets is independent of whether the endomorphism is invertible
or not. In the invertible case, there is no restriction on the topological
nature of such sets. Indeed, every regular open set is invariant under
the identity (which is an area preserving endomorphism). The situa-
tion changes drastically in the non-invertible case. Here only sets that
“wrap around” the torus are possible. We now formalize this idea.
Definition 3.3. We say that a connected open set U ⊂ T2 is nonessen-
tial if it is homeomorphic to each connected component of π−1(U) in
R2. We say that U is essential if it is not nonessential.
Some of the important differences between essential and nonessential
sets are captured by the following characterization, the proof of which
is straightforward.
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Proposition 3.4. Let U ⊂ T2 be a connected open subset of T2. Then
the following are equivalent:
(1) U ⊂ T2 is essential.
(2) There is a non-trivial deck transformation T : R2 → R2 such
that every connected component of π−1(U) is T -invariant.
(3) If i : U → T2 is the inclusion, then i⋆π1(U, x0) is a non-trivial
subgroup of π1(T
2, x0) for some (hence every) x0 ∈ U .
Lemma 3.5. Let f : T2 → T2 be an endomorphism and U ⊂ T2
a strictly f -invariant open set. Then f maps nonessential connected
components of U to nonessential connected components of U , and it
maps essential connected components of U to essential connected com-
ponents of U .
Proof. Let U ⊂ T2 be open and strictly f -invariant. Denote by U˜ the
pre-image of U by π and let f˜ be a lift of f to R2. Then U˜ is a strictly
f˜ -invariant open set in R2. Therefore, f˜ maps connected components
of U˜ to connected components of U˜ . If Ue is an essential connected
component of U , then there is some connected component U˜e of U˜
such that π(U˜e) = Ue and distinct p˜, q˜ ∈ U˜e such that π(p˜) = π(q˜).
Now, f˜(U˜e) is a connected component of U˜ with π(f˜(U˜e)) = f(Ue).
Moreover, f˜(p˜) and f˜(q˜) are distinct points in f˜(U˜w), both of which are
mapped by π to the point f(π(p)) = f(π(q)). Hence π : f˜(U˜e)→ f(Ue)
is not injective, i.e. f(Ue) is an essential connected component of U .
Now suppose Une is a nonessential connected component of U and let
U˜ne be any connected component of π
−1(Une). Then (U˜ne+v)∩U˜ne = ∅
for every non-zero v ∈ Z2. Therefore, (f˜(U˜ne) + Av) ∩ f˜(U˜ne) = ∅ for
every non-zero v ∈ Z2. Let us write V˜ = f˜(U˜ne). Suppose that V˜ is
essential. Then there is some non-zero w ∈ Z2 such that V˜ + w = V˜ .
It follows by induction that V˜ + nw = V˜ for every integer n. But we
know that the equation Av = w can always be solved for some v ∈ Q2.
That is equivalent to say that Av = nw can be solved for integer n and
v ∈ Z2. So V˜ +Av = V˜ for some non-zero v ∈ Z2, a contradiction. 
Lemma 3.6. Let f : T2 → T2 be an area preserving non-invertible en-
domorphism and suppose that U ⊂ T2 is open and strictly f -invariant.
Then every connected component of U is essential.
Proof. Let U ⊂ T2 be a strictly f -invariant open set. We denote by
Une the set of connected components of U which are nonessential.
Our aim is to prove that Une = ∅. Suppose, for the purpose of
contradiction, that Une is non-empty. Since λ(Uι) ≤ 1 for every Uι ∈
Une, and since, given any ǫ > 0, we have λ(Uι) < ǫ for all but finitely
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many Uι ∈ Une, there is some Um ∈ Une such that λ(Um) ≥ λ(Uι) for
every Uι ∈ Une. Lemma 3.5 tells us that f(Um) ∈ Une. If we can prove
that λ(f(Um)) > λ(Um), then we have reached a contradiction.
To see why λ(f(Um)) > λ(Um), take U˜m ⊂ R
2 such that π : U˜m →
Um is injective. Let w ∈ Z
2 \A(Z2). Such w exists because | det(A)| ≥
2. Denote by U ′m the set π(f˜
−1(U˜m + w)). Then Um ∩ U
′
m = ∅ but
f(U ′m) = f(Um). In particular, Um ∪ U
′
m ⊂ f
−1(f(Um)), so λ(Um) ≤
λ(f(Um))− λ(U
′
m) < λ(f(Um)). 
Lemma 3.7. Let f : T2 → T2 be an area preserving non-invertible
endomorphism and suppose that U ⊂ T2 is a regular open strictly f -
invariant set. Then every connected component of π−1(U) is simply
connected.
Proof. The case U = T2 is trivial, so in what follows we suppose that
U 6= T2. Then V = U⊥ is also a regular open set. Moreover, it
follows from the identity (3.1) that V is strictly f -invariant. We know
from Lemma 3.6 that every connected component of U is essential.
So is every connected component of V . Let U˜ = π−1(U) and V˜ =
π−1(V ). Note that since U and V are regular, so are U˜ and V˜ . It is
straightforward to check that connected components of regular open
sets are regular. Hence every connected component of U˜ and of V˜ is
regular.
Let U˜0 be any connected component of U˜ . We must prove that U˜
is simply connected. Suppose, for the purpose of contradiction, that
U˜0 is not simply connected. The there exists a loop γ˜ : S
1 → U˜0
and some x˜ ∈ R2 \ U˜0 such that the winding number of γ˜ around x˜ is
non-zero. Since U˜0 is regular, any neighborhood of x˜ intersects V˜ . In
particular, we can choose y˜ ∈ V˜ such that the winding number of γ˜
around y˜ is non-zero. We denote by V˜0 the connected component of V˜
that contains y˜. It follows from Lemma 3.6 that V˜0 is essential. Hence,
by Proposition 3.4, there is some non-zero v ∈ Z2 such that y˜+nv ∈ V˜0
for every n ∈ Z. Choose n large enough so that the winding number of
γ˜ around z˜ = y˜ + vn is zero. Since V˜0 is connected, there is a path σ˜
from y˜ to z˜. Since the winding number of γ˜ is different at y˜ and z˜, we
conclude that Im γ˜ ∩ Im σ˜ 6= ∅. But that is absurd because Im γ˜ ⊂ U˜0
and Im σ˜ ⊂ V˜0. 
Lemma 3.8. Let f : T2 → T2 be a non-invertible area preserving
endomorphism and suppose that U ⊂ T2 is a regular open strictly f -
invariant set. If U0 is a connected component of U and i : U0 → T
2 the
inclusion map, then the kernel of i⋆ : π1(U0)→ π1(T
2) is trivial.
Proof. This is a direct consequence of Lemma 3.7. 
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It is instructive to consider the example f(x, y) = (2x, y + 1
2
)
mod Z2 on T2. The set U = T × ((0, 1
4
) ∪ (1
2
, 3
4
)) is a regular open
strictly invariant set under f . In accordance with Lemma 3.7, every
connected component of π−1(U) is simply connected. Of course, U it-
self is not connected. Neither is any of its two connected components
invariant under f . However, each of them is invariant under f 2. The
next Lemma shows that this is to be expected.
Lemma 3.9. Let f : T2 → T2 be an area preserving non-invertible
endomorphism and suppose that U ⊂ T2 is a strictly f -invariant regular
open set. If U0 is a connected component of U then there exists n ≥ 1
such that U0 is strictly invariant under f
n.
Proof. Let f and U be as in the hypothesis of the lemma and suppose
that U0 is a connected component of U . Since f is area preserving,
there exists n ≥ 1 such that fn(U0) ∩ U0 6= ∅. But then f
n(U0) = U0
according to Lemma 3.5. Hence U0 ⊂ f
−n(fn(U0)) = f
−n(U0). Since
f is area preserving, it follows that U0 has full λ-measure in f
−n(U0).
In particular, U0 is dense in f
−n(U0). But both U0 and f
−n(U0) are
regular. They must therefore coincide. 
4. Some further auxiliaries
The proof of Theorem 2.2 is centered around the following result
from the basic theory of covering spaces.
Theorem 4.1. Let X be a path connected topological space. Suppose
that (X˜, p) is a covering space of X and that p(x˜0) = x0. Then the
number of sheets of p is equal to the index of p⋆π1(X˜, x˜0) in π1(X, x0).
We shall also make use of the following intersection property.
Lemma 4.2. Suppose that γ and σ are loops in T2 such that [σ] and
[γ] are linearly independent in Z2. Then γ and σ intersect.
Rigorous proof Lemma 4.2 is more subtle than a cursory glance may
suggest. The author found no suitable reference, so for the sake of
completeness we include a proof based on elementary homotopy theory.
Proof of Lemma 4.2. Let Γ : R → T2 and Σ : R → T2 be periodic
extensions of γ and σ respectively. That is, Γ(t+ n) = γ(t) and Σ(t +
n) = σ(t) for every t ∈ [0, 1] and every n ∈ Z. Let Γ˜ and Σ˜ be
lifts of Γ and Σ to R2. Up to a change of coordinates, we can (and
do) assume that Γ˜(1) − Γ˜(0) = (1, 0) and Σ˜(1)− Σ˜(0) = (0, 1). Then
Γ˜(t+n) = Γ˜(t)+(n, 0) and Σ˜(t+n) = Σ˜(t)+(0, n) for every t ∈ [0, 1] and
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every n ∈ Z. In particular there exists K such that ‖Γ˜(t)− (t, 0)‖ ≤ K
and ‖Σ˜(t)− (0, t)‖ ≤ K for every t ∈ R.
Let S1 = {(s, t) ∈ R2 : ‖(s, t)‖ = 1} and let
(4.1) R = {r ≥ 0 : Γ˜(rs) 6= Σ˜(rt) for every (s, t) ∈ S1}.
For every r ∈ R we can define a map hr : S
1 → S1 by
(4.2) hr(x, y) =
Γ˜(rs)− Σ˜(rt)
‖Γ˜(rs)− Σ˜(rt)‖
.
It is straightforward to check that the family hr depends continuously
on r in C0(S1, S1). We shall prove that R contains (2K,∞) and that as
r tends to infinity, hr converges uniformly to the involution I : S
1 →
S1, (s, t) 7→ (s,−t). The proof may then be concluded as follows:
Suppose that γ and σ do not intersect. Then R = [0,∞). The uniform
convergence of hr to I as r → ∞ implies that h0 is homotopic to
the involution I. But this is abusurd, since h0 is a constant map.
Therefore, R 6= [0,∞), so Γ˜(rs) = Σ˜(rt) for some r ≥ 0 and some
(s, t) ∈ S1. Therefore (the images of ) γ and σ must intersect.
It remains to prove that hr converges uniformly to I as r → ∞.
For notational convenience, write u = Γ˜(rs)− Σ˜(rt) and v = I(s, t) =
(s,−t) (leaving the dependence on r, s and t understood implicitly).
Thus hr = u/‖u‖ and we must prove that
(4.3)
∥
∥
∥
∥
u
‖u‖
− v
∥
∥
∥
∥
converges to zero uniformly on S1 as r →∞.
Note that
(4.4) ‖u− rv‖ ≤ ‖Γ˜(rs)− (rs, 0)‖+ ‖Σ˜(rt)− (0, rt)‖ ≤ 2K
for every s, t ∈ R and every r ≥ 0. Note also that ‖v‖ = 1 so, using
the triangle inequality, we get
(4.5) r − 2K ≤ ‖u‖ ≤ r + 2K,
whence it follows that (2K,∞) ⊃ R. Moreover, for r > 2K we have
(4.6)
∣
∣
∣
∣
1
‖u‖
−
1
r
∣
∣
∣
∣ ≤
2K
r(r − 2K)
.
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Hence
‖hr(s, t)− I(s, t)‖ =
∥
∥
∥
∥
u
‖u‖
− v
∥
∥
∥
∥(4.7)
≤
∥
∥
∥
∥
u
‖u‖
−
u
r
∥
∥
∥
∥+
∥
∥
∥
u
r
− v
∥
∥
∥(4.8)
≤
(r + 2K)2K
r(r − rK)
+
2K
r
,(4.9)
which converges to 0 as r →∞. This completes the proof.

5. Proof of theorem 2.2
Let f : T2 → T2 be a non-invertible conservative endomorphism
which is not transitive. Then we know from Proposition 3.2 that there
exists a complementary pair of strictly f -invariant regular open sets
U, V ⊂ T2. Lemma 3.6 tells us that all connected components of U
and V are essential. Hence there exist a loop γ in U and a loop σ in V ,
neither of which is homotopic in T2 to a constant path. In other words,
[γ] and [σ] are non-trivial elements in π1(U) and π1(V ), respectively,
as well as in π1(T
2).
Note that [γ] and [σ] must be collinear elements of π1(T
2), or else
they would intersect according to Lemma 4.2. Note also that [γ] and
[σ] are eigenvectors of the action A : Z2 → Z2, (when seen as elements
of Z2). Were it not so, A[γ] and [σ] would not be collinear, implying
f(U) ∩ V 6= ∅, contradicting the invariance of U .
We are now able to claim that the eigenvalues of A are non-zero
integers. Indeed, if they were irrational or non-real, there would be
no eigenvector in Z2. But if an integer matrix has rational eigenval-
ues, these must indeed be integers. This follows from the rational
roots theorem and the fact that the characteristic equation is a monic
polynomial. Finally, A is non-singular so it cannot have a vanishing
eigenvalue.
It remains to prove that one of the eigenvalues of A is equal to ±1.
To this end, let k, ℓ ∈ Z be eigenvalues of A and suppose without loss
of generality that k is the eigenvalue associated to [γ]. Note that the
determinant of A is equal to kℓ. In particular, the number of sheets
of f is equal to |kℓ|. If |k| = 1 there is nothing to prove. So, to prove
the theorem we suppose that |k| ≥ 2 and shall deduce that in this case
|ℓ| = 1.
Let U0 be the connected component of U containing γ, and i : U0 →
T2 the inclusion map. We have already observed that every element
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[τ ] of i⋆π1(U0) must be collinear with [γ]. It follows that, with the
canonical identification of π1(T
2) with Z2, the subgroup i⋆π1(U) in Z
2
is of the form {rv : r ∈ Z} for some non-zero v ∈ Z2. By Lemma 3.8,
i⋆ is a monomorphism. Hence π1(U0) = {rv : r ∈ Z} ⊂ Z
2.
By Lemma 3.9 there exists n ≥ 1 such that U0 is strictly invariant
under fn. Notice that the pair (U0, f
n|U0) can be seen as a covering
space of U0. Therefore, Theorem 4.1 implies that the number of sheets
of fn|U0 (and hence of f
n) is equal to the index of fn⋆ (π1(U0)) as a
subgroup of π1(U0). Recall that every [γ] ∈ π1(U0) is an eigenvector
of An with eigenvalue kn. Hence fn⋆ (π1(U0)) = {rk
nv : r ∈ Z} so that
the index of fn⋆ (π1(U0)) in π1(U0) is |k|
n. On the other hand, we have
already observed that the number of sheets of f (hence of f |U0) is
equal to |kℓ|, so the number of sheets of fn|U0 must be equal to |kℓ|
n.
It follows that |ℓ| = 1 as required.
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